PHY 711: ANALYTICAL DYNAMICS

Additional Practice Problems II1

Problem 1

The velocity of a particle %i does not have a nice transformation property since both z°
and ¢t change and get mixed under Lorentz transformations. For this reason, one defines
a 4-velocity u* which transforms as a 4-vector under Lorentz transformations. The actual

3-vector v’ corresponding to the velocity can then be defined by

a) Consider a particle moving aong the z;-direction, so that u* = (u°, u*,0,0). Consider the
velocity of the particle in a frame moving with velocity w’ = (w',0,0). This can be done
by carrying out a Lorentz transformation and then forming the ratio as above. In this way,
obtain the relativistic law for addition of velocities along the same direction.

b) Consider the same set-up but with the frame moving along the z,-direction, so that v’ =

(0,w?,0). What is the addition law for velocities now?

Solution

a) Consider the Lorentz transformation of the 4-vector (u°, u', 0, 0) with parameter w' /c,

ulozv(uo_wlul/c)’ u/l :v(ul_w1u0/c)’ u’2:u2:0, u/3:u3:o

where y~! = /1 — w?/c2. The transformed velocity is given by

- o' ul — wll e ol — !
= C—— = C =
w0 w —whul/ec 1 —whl/c?

b) The Lorentz transformation now becomes

u/O — ,y(uo _ w2u2/c) — ,yuO
W= ul uP =
u? =y —wu'/c) = —ywu’/c

The velocity now has components both along the x; and x, directions.
Vi=vh/1 - (w?)?/c?, V= —w? V=0

This shows that, again, the nonrelativistic vectorial addition of velocities does not hold in

the fully relativistic theory.



Problem 2

A particle moves in one dimension = under the influence of a potential

1

V(z) = —bm
where a, b are positive constants. Use the Hamilton-Jacobi method to find the solution (tra-
jectory of the particle) for negative values of the energy. (This potential is important in the
context of soliton solutions for the Korteweg-de Vries equation for surfaces waves in a shal-

low body of water.)

Solution

The Hamiltonian is evidently given by

2
1
Ho o, L
2m cosh” ax
The Hamilton-Jacobi equation is
s 1 [(aS\? 1
—+— (=) - b———=0
ot + 2m (89&) cosh? ax
Writing S = W — E't, we find
2mb 2mb
W’z:l:\/QmE+ AN W:i/dm\/QmE—l—Lz
cosh” ax cosh” ax

The only constant of integration is E, so setting the derivative of S with respect to F to a

constant —t,, we find

The potential is negative, symmetric around the origin and tapers off to zero as |z| — oc.
The minimum is at x = 0 where VV = —b. Thus we need £ > —b. We choose negative values

of F, say, E = —¢, € > 0. We can the write

m dx cosh ax
t - to — Zi: 2—
€ \/ (b—e)

— = sinh? ax

u = sinh ax

n m / du
V' 2a2e [(b—e) 5
— —u
mo . €
= j:”_Q(lQE sin (u b—e)




Notice that we do have b — ¢ > 0. Inverting this equation we find

x(t) = ésinh1 [ b Z € sin (\/ %Cﬂ(t - to))]

The initial condition is that at ¢ = ¢, the particle is at the center x = 0.

Problem 3
The Lagrangian for a spinning top on the floor (i.e., subject to gravity) is given by
| . 1 .
L= 5[1(92 + sin? %) + 51},(9& +1pcosf)* — Mgh cosf

(This is what is called Lagrange top; we discussed this in class.)
a) Identify the canonical momenta and the Hamiltonian.

b) Write down the Hamilton-Jacobi equation and find the general solution.

Solution

The canonical momenta are given by

oL :
Do o0 1
oL
Py = (91/) = I, sin? 04 + I5cos O(¢ + v cos 0)

8L
Pp = 890 (g0+wcose)

Using the last of these, the first two can be solved for the velocities as

- Dy . py —cosOp, . Pe y — cos 0 p@}
0 =— =—— 0 = 0| ————————
L YT e 0 YT b= 13 oo { I, sin2 0

The Hamiltonian is obtained as

H = pgb+pyih+pyp — L

2 2
- pelﬁ_%[l Pe + Dy p——zbcos@ Pe —i—p¢¢—%llsin29¢2+Mghcose
]1 Il 13 ]3
2

— p(’ + £ Py + (py — Dy cos@)zﬁ—%Ilsinzed'zz—l—Mghcosﬁ

21, 21,

vy, Po . (py—p, cosf)’
— 20 Ty M gh cos 6

oL T2, 2f s gneos

The Hamilton-Jacobi equation takes the form

3_5+L(5£>2+L<@_5)2+;(35 ascose)lmose_o
ot 21, \ 90 271, \ 9y 2, sin’ 6 \ b dp 9 -
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Since the various coefficients are independent of ¢, i, 1), we can separate variables as
S=—-Et+1l,p+ 1l +W(0)

The Hamilton-Jacobi equation reduces to the form
1 [oW)?
— (2= = £-V,
21, ( 90 > f
1 2
‘/eff = m(lw—lwcosﬁ) +MghCOSG

l2
= F - X
£ 213

The solution can be expressed as the integral

S=—Et +lp+ Ly + /d@ V26 (€ = Vig)

This is the general solution for S. By taking derivatives with respect to I, [, l,, ansd setting

them to constants, we find the solution for the angles as

t—ty = /d@ 20E = Vsﬁ‘)
e 1

—(p — = d
(¥ = o) / 5 Veff [ I I;sin%6

6
B / lw—l cos )
~(W =) = /d@ 5 Veg Ilsipn29 ]

These equations give the complete solution. The explicit evaluation of the integrals will

cos (ly — I, cosb)

require elliptic functions.

Problem 4

The Lagrangian for a nonrelativistic particle interacting with an external magnetic field is
given by

L =5 mii; + eAid;
where 7 = 1, 2, 3 and there is summation over the index :.
a) Obtain the Hamiltonian in terms of the canonical momenta and coordinates.
b) Now consider a uniform magnetic field in the the z direction with A; = —%eBeijxj , for
1,7 = 1,2, A3 = 0. Ignore motion in the z-direction in what follows. Define a change of

variables to

1
QO = (p1 + %63232)

veB
4



1

Q2 = 75 (p2 + 3eBuy)
1

Pi= (e LeBr)
1

P2 = @ (pl - %631’2)

Obtain the Poisson brackets {Q;, Q;}, { P, P}, {Q:, P}

c) Write the Hamiltonian in terms of these new variables. Obtain the equations of motion
forall Q;, P;,i =1, 2.

d) What are the conserved quantities? Solve the equations of motion to obtain the general

solution.

Solution

a) The canonical momenta are given by

— eA),
ox; m

Di

The Hamiltonian is thus

2
m

2
(p— eA)?
2m
This is the Hamiltonian for a charged particle (of charge e) in a magnetic field.
b) For the given uniform magnetic field we have 4; = —1Bux,, Ay = $ By, A3 = 0. (There
is an extra e in the question, it should not be there. If you keep it, you will get essentially the
same answer except for an extra e.) For the Poisson brackets, we can use linearity, antisym-

metry of the brackets and the basic bracket relations
{zi, 25} =0, {zi,pi} =05, A{pipj} =0
Since {Q1, @1} = {Q2, @2} = 0 by antisymmetry, we only need {Q;, Q- }. It is given by

({p1, 11} + {72, p2}) = %(1 1) =0

N —

1
{Q1,Q:} = E{m + 2eBxy,ps + 3eBai} =
In a similar way

{P, P}y = —-({p2 22} +{z1,m})=0

N —

{Q1, A} = —{p1, 21} + {22, p2}) =1

N | —
—~



(@27} = (~Amom) + {rp}) =1
{Q1, 2} = {Q, P} =0

In the last two, we have only dissimilar p;, z, so they vanish. We have two sets of canonical
variables (Q1, P1) and (Q)2, %) with the first set having zero Poisson brackets with the sec-
ond.

¢) The Hamiltonian can be written as

1 el
H=_— [(p1 + 3eBw2)* + (p2 — 3eBn)’] = qw (P2 +Q7), w= —

This is essentially the Hamiltonian for a harmonic oscillator. The equations of motion are
given by

Ql ={Q, H} =wh, Pl ={P,H} =-w@

Q:={Q2.H}=0, P ={PH}=0
d) Evidently, ()», P, are constants of motion, in addition to the Hamiltonian itself. The solu-

tion for these is given by
Q2=Dy, DP=D

The equations for @)1, P; look like the derivatives of sine and cosine functions, so the solu-

tion is trivially obtained as

Q1=

sin(wt + ), P =

¢ ¢ cos(wt + ¢)
w
veB veB v
C and ¢ are arbitrary constants (related to initial values). We could absorb v eB into C but
we keep it like this for simplification later. We can no solve for the original x;, p; using the

definition of these variables as

p1 = D1+ Csin(wt +¢),  p2 = Dy~ C cos(wt + )

1 1 .
== [Dy — Ccos(wt + )], @y = 5 [—D; + C'sin(wt + ¢)]

g

With 4 arbitrary constants, combinations of which will serve as the initial values for the four

variables x;, p;, i = 1, 2, we have a complete solution.

Problem 5

A charged particle which moves in a medium (with refractive index n) with a speed v which

is greater than the speed of light in the medium (¢/n) will emit radiation, known as the
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Cerenkov radiation. Consider Cerenkov radiation from an electron in such a medium,; this
may be considered as the emission of a photon, namely, the process e~ — e~ + 7. The
four-vector of energy and momentum for the emitted photon may be taken as (hw/c, hE)
with & - k /n? = w?/c%. (Here his Planck’s constant.) Show that the radiation is in a cone and

obtain the opening angle of the cone.

Solution
This is a simple photon emission process, so we must have conservation of energy and mo-
mentum. Let p* and p’* denote the 4-momentum of the electron before and after the emis-

sion of the photon. We then have the condition
p'=p" + K", K" = (hw/c, hk)

There are four equations here, for i = 0, 1, , 23, corresponding to the conservation of energy
(x = 0) and the three components of momentum. The key results we have for the electron

momenta are

nwjpupu — 77wjp/up/y — mQCQ

We can utilize this by taking p’* to the left hand side and taking the appropriate square with
1w~ This gives

Nuw (P — K*)(p" — K”) = nup*p” = m*c?

Opening up the brackets and simplifying we get
—2Nuwp' K + 1, KFKY =0

Using the relation n2w?/¢* = k - k, this becomes

Ew w 1., 9
CT—anCOSQ—Q—CQhw (1-n°)=0

where we used p- k= pk cos 6, 0 being the angle at which the photon is emitted as measured
from the initial momentum of the electron. In the classical limit, the last term involving # is
negligible and we find
cos B~ v = @
on’ E
v is the speed of the particle, as verified from

0H
v; = H = +/c*p? + m?2ct

B 3]%"




The equation for 6 gives the opening angle of the cone as § = cos™!(c/vn). For a real angle,
we need cosf < 1. This requires v > ¢/n. Thus the speed of the particle must exceed the

speed of light in the medium for Cerenkov radiation to occur.

Problem 6

A rod of very small thickness rests against a wall as shown. The rod can slide down, with
point of contact (shown as A) always touching the wall.

a) Obtain the Lagrangian describing this motion. (Hint: Consider a small mass element of
mass pds at a distance s from the point A, as shown. Obtain the coordinates of this element
to construct the kinetic energy for this element and then integrate over the length of the rod.)
b) Identify the canonical momentum and the Hamiltonian.

¢) Write down the Hamilton-Jacobi equation and its solution as an integral over §. (The

integral can be done in terms of elliptic functions, but you do not have to do that.)

/ B
Ads lg

\6

Problem 6

Solution
a) The indicated mass element has a mass = pds, where p is the mass per unit length. The

Cartesian coordinates of this mass element are
r = —s cosb, y= Lsinf — s sinf
where L is the length of the rod. The kinetic energy is thus given by
T = %pds [(s sin #0) + ((L — s) cos 09)2}

Integrating this over s from zero to L and using

L L 31
/ dsszz/ ds(L —s8)? = p— = =ML?,
0 0 3 3

we find the total kinetic energy as
T = éMLQQQ
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The position of the center of mass, which is also the geometric center for uniform density
for the rod, is given by
L L
X =——cosfl, Y = —sinb
2 2

The potential energy is thus

L
V = éq sin 6
giving
1 . MgL
L =MD — —sing
b) There is only one generalized coordinate, 6. Thus
oL 1 : : 3]99
= = _-MIL? =
. 3 5 Mgl .
H:pge—L:Wpe—i— 9 sin 6

¢) The Hamilton-Jacobi equation takes the form

sinf =0

a_s+ 3 0_52 MgL
ot ' 2ML2 \ 90

Separating variables as S = —FEt + W, we find

2MI2E M2L?
S:—Et+/d9\/ 3 —g 3 sin 6

Taking the derivative with respect to the constant of integration £ and setting it to a con-

stant (-ty), we get

[N

t—t():

ML* 2ML*E M?L3
/d&} 3 — 93 sin

This gives the general solution.

Problem 7

A particle of mass m is constrained to move on a circle of radius R in the (z,y)-plane, 2% +
y? = R®. There is a potential energy for the motion given by V' = 1(az? + by?), where a, b are
positive constants with a > b.

a) Write down the Lagrangian and the Hamiltonian.

b) Identify the equilibrium points and determine which are the stable equilibrium points.

¢) Determine the frequency of small oscillations around the stable equilibrium points.



Solution
Since the particle is constrained to move in a circle, the radius does not change with time.

So we write the Cartesian coordinates as
x=Rcosp, y=Rsingp

This ensures z? + y*> = R?. The kinetic energy of the particle is thus
1

I ST S N SR
T—Qm(x +y)—2ng0

The potential energy is given by

1 1 1
vV = 3 (aR? cos” +bR’sin® ) = —R2(a —b)cos® p + EbRQ

1 a+b

= ZR2(G —b) cos(2¢p) + 1 ——R?

The Lagrangian is

1 1
L= imR2<p2 — Z—lR2(a — b) cos(2¢) + constant
Further
oL 5 . _ Do
H = p,p—L= ) pi# + R2(a — b) cos(2¢p) + constant

The Lagrangian equation of motion becomes

R2

5 —(a — b) sin(2¢p)

mR*p =

The equilibrium points correspond to ¢ = 0, i.e., they are given by sin(2¢) = 0. The solu-

tions are

T 3T
- T, — =
2a ) 9 ¥o

For a small perturbation ¢ = (¢, + 1 around these points, the equation of motion becomes

v =0,

R2

i —(a — b)sin(2py + 21) ~ R*(a — b) cos(2pg) n + - - -

mR%ij =

For stable points, the coefficient of ) on the right hand side must be negative. Since a—b > 0,
we see that ¢y = /2, 37/2 are stable, while ¢, = 0, 7 are unstable equilibrium points. For

the stable points, we find




giving the frequencyasw = \/(a — b)/m
Problem 8

In quantum mechanics, one is familiar with the step-up and step-down operators a' and a.

Here we will consider a classical analog. The Hamiltonian is given by

p* | mw®

H=—
2m+ 2

Define the complex combinations

mw
b +1 = Qg = \/Tew

N/ =a} VI e
2mw 2 V2 2 q

a)Write down the Hamiltonian in terms of the new variables 7 and .

b) Show that the change of variables from (p, ¢) to (I, ¢) is canonical.

Solution

The given formulae can be solved for p, g as

2
p = V2mw V1 cos g, q:\/—\/fsimp
mw

a) Using these in the expression for the Hamiltonian, we get

H=wl
b) Consider a PB in terms of /, © as
~0fdg 0Of Og
Vot =531 " ara,

By using the expressions for p, ¢ and the chain rule

of  0fop  Of dq _ [ 2
g = 8p0gp+8q&p_ V2 \/_smgo \/fcosgoaq

@ = ag ap ag aq —COS SlIl 8
o ~— opal Tagar ~ VT g‘)a \/—f “Oa
Thus
0fdg 0fdg _ o Ofdg ., O0fdg
Uidhe = 5001 " o190 = “ Pagop "™ ¥op9, Y
0fdg 0Of 0g

= 9qop opoq {f:9}pa

This shows that the PBs are unchanged and hence the transformation is canonical.
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